Almost Moore digraphs are diregular  by Miller, Mirka et al.
Discrete Mathematics 218 (2000) 265{270
www.elsevier.com/locate/disc
Note
Almost Moore digraphs are diregular(
Mirka Millera ; , Joan Gimbertb, Jozef Siranc, Slamina
aDepartment of Computer Science and Software Engineering, The University of Newcastle,
NSW 2308, Australia
bDepartament de Matematica, Universitat de Lleida, 25001 Lleida, Spain
cDepartment of Mathematics, SvF, Slovak Technical University, 813 68 Bratislava, Slovakia
Received 22 October 1998; revised 4 August 1999; accepted 9 August 1999
Abstract
An almost Moore digraph is a digraph of diameter k>2, maximum out-degree d>2 and order
n=d+d2+  +dk , that is, one less than the Moore bound. It is easy to show that the out-degree
of an almost Moore digraph is constant (=d). In this note we prove that also the in-degree of
an almost Moore digraph is constant (=d), that is, every almost Moore digraph is diregular of
degree d. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction and preliminaries
The well-known degree=diameter problem for digraphs is to determine the largest
order nd;k of a digraph of out-degree at most d>1 and diameter at most k>1.
A straightforward upper bound on nd;k is the Moore bound Md;k
nd;k6Md;k = 1 + d+ d2 +   + dk
and the corresponding digraphs of out-degree 6d, diameter 6k and order Md;k are
called Moore digraphs. As a quick consequence of the denition we have the fact that
a Moore digraph for a given pair d, k has diameter equal to k and the out-degree of
each of its vertices is equal to d. It is also easy to show (see for example the argument
used in our Lemma 1) that all in-degrees in such a Moore digraph must be equal to d.
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Fig. 1. The digraph G2.
But all these observations also follow from the well-known classication [6,3] which
says that Moore digraphs exist only in the trivial cases when d=1 (directed cycles of
length k +1 for any k>1) or k =1 (complete digraphs of order d+1 for any d>1).
The situation becomes more interesting when digraphs of order one less than the
Moore bound are considered. A digraph G will be called almost Moore digraph for
a pair d>2 and k>2 if G has outdegree at most d, diameter at most k, and order
Md;k − 1. For the diameter k = 2, line digraphs of complete digraphs are examples
of almost Moore digraphs for any d>2, showing that nd;2 = Md;2 − 1. On the other
hand, focusing on small out-degree instead of diameter, for any k>3 there are no
almost Moore digraphs of maximum out-degree 2 (see [4]). Moreover, from the nec-
essary conditions obtained in [5] it follows that, for example, n2; k <M2; k − 2 for
36k6107; k 6= 274485; 5035921. Furthermore, a recent result [1] shows that there are
no almost Moore digraphs of maximum out-degree 3 and any diameter at least 3. The
question of whether or not equality can hold in nd;k6Md;k − 1 for d>4 and k>3 is
completely open.
It is again an easy exercise to show that an almost Moore digraph of maximum
out-degree d and diameter at most k must, in fact, have all vertices of out-degree
d and its diameter must be equal to k. However, in contrast with Moore digraphs,
establishing the regularity or otherwise of in-degree of an almost Moore digraph is
by no means obvious. This is best documented by the fact that there exist digraphs
of out-degree d and diameter k whose order is just two or three less than the Moore
bound and in which not all vertices have the same in-degree! To see this we give, for
i = 2; 3, two examples of digraphs Gi of diameter 2, out-degree i, and order Mi;2 − i
with vertices not all of the same in-degree (Figs. 1 and 2).
In this note we settle (in the armative) the open problem of the regularity of the
in-degree for all almost Moore digraphs.
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Fig. 2. The digraph G3.
2. The result
Let G be an almost Moore digraph of out-degree d>2 and diameter k>2. A count-
ing argument presented in [2] shows that for each vertex u of G there exists exactly
one vertex r(u) in G with the property that there are two u ! r(u) walks in G of
length not exceeding k. The vertex r(u) is called the repeat of u; this concept was
introduced in [4]. If also the maximum in-degree is d then it follows from [2] that the
mapping v 7! r(v) is an automorphism of the digraph G.
We will use the following notation throughout. For each vertex u of an almost Moore
digraph G as above and for 16s6k, let T+s (u) be the set of all endvertices of directed
paths in G of length at most s which start at u. Similarly, by T−s (u) we denote the
set of all starting vertices of directed paths of length at most s in G which terminate
at u. Observe that the vertex u is in both T+s (u) and T
−
s (u), as it corresponds to a
path of zero length. If s=1 the sets T+1 (u)nfug and T−1 (u)nfug represent the out- and
in-neighbourhood of the vertex u in the digraph G; we denote them simply by N+(u)
and N−(u), respectively.
For further considerations it will be useful to state a few facts (which easily follow
from [2]) about repeats and the sets introduced above. Let G be an almost Moore
digraph for the pair d; k and let N+(u)=fu1; u2; : : : ; udg for some vertex u of G. Then
the union of all sets T+k−1(ui); 16i6d, has cardinality either Md;k − 1 if u = r(u),
or Md;k − 2 if u 6= r(u). In the rst case the sets T+k−1(ui) are pairwise disjoint and
the vertex u lies in exactly one directed cycle of length k (and in no shorter directed
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cycles). In the second case there are exactly two sets among the T+k−1(ui) that intersect,
and their intersection consists of a single vertex, namely r(u); the vertex u is then
contained in no directed cycle of length at most k.
We rst prove two auxiliary results concerning the possible existence of low in-degree
vertices in almost Moore digraphs.
Lemma 1. Let G be an almost Moore digraph of out-degree d and diameter k and
let S be the set of all vertices of G of in-degree less than d. Then
1. jSj6d and each vertex in S has in-degree d− 1;
2. S N+(r(u)) for each vertex u of G.
Proof. Let v be a vertex in S. Consider an arbitrary vertex u2V (G); u 6= v, and let
N+(u) = fu1; : : : ; udg be the out-neighbourhood of u. As the diameter of G is equal to
k, the vertex v must occur in each of the sets T+k (ui); 16i6d. It follows that for each
i; 16i6d, there exists a vertex wi 2fug[T+k−1(ui) such that wiv is a directed edge of
G. Since the in-degree of v is less than d, the in-neighbours wi of v are not all distinct;
without loss of generality, we may assume that w1=w2. The case w1=w2=u is clearly
absurd. But then the only possible vertex which occurs in both T+k−1(ui); i = 1; 2, is
r(u), the repeat of u. We thus have w1=w2=r(u). Invoking the comments immediately
preceding the lemma we see that no other pair of in-neighbours of v can have this
property, that is, the vertices w2; : : : ; wd are mutually distinct. Therefore the in-degree
of v is d− 1, and v2N+(r(u)) for any vertex u of G. Realizing that jN+(r(u))j= d,
both statements of the lemma follow.
As usual, if u is a vertex of a digraph G then we denote by d−(u) the in-degree of
u in G. Further, for j>0 let N−j (u) be the set of all starting vertices of directed paths
in G of length exactly j whose endvertex is u.
Lemma 2. Let G be an almost Moore digraph of out-degree d>2 and diameter k>2;
and; again; let S be the set of all vertices of G of in-degree less than d. If S 6= ;
then jSj= d.
Proof. Let S 0 be the set of vertices of G whose in-degree is larger than d and let
 =
P
w2S0 (d
−(w) − d). Since (as noted in the Introduction) every vertex of G has
out-degree d, it follows that the average in-degree of G is d as well. Combined with
Lemma 1 this gives
 =
X
w2S0
(d−(w)− d) =
X
v2S
(d− d−(v)) = jSj:
Take an arbitrary vertex v2 S; from Lemma 1 we see that jN−(v)j= jN−1 (v)j= d− 1.
By the diameter assumption, the union of all the sets N−t (v) for 06t6k is the entire
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vertex set V (G) of G, which implies that
jV (G)j6
kX
t=0
jN−t (v)j: (1)
Our next goal is to estimate the above sum. Observe that for 26t6k we have
jN−t (v)j6
X
u2N−t−1(v)
d−(u) = djN−t−1(v)j+ t ; (2)
where 2 + 3 +    + k6. It is not dicult to see that a safe upper bound on the
sum in (1) is obtained from the recurrence inequality (2) by setting 2 =  = jSj, and
t = 0 for 36t6k; note that the latter is equivalent to assuming that all vertices from
Snfvg are contained in N−k (v) and that all vertices of S
0
belong to N−1 (v). This way
we successively obtain
jV (G)j6 1 + jN−1 (v)j+ jN−2 (v)j+ jN−3 (v)j+   + jN−k (v)j
6 1 + (d− 1) + (d(d− 1) + jSj))(1 + d+   + dk−2)
= d+ d2 +   + dk + (jSj − d)(1 + d+   + dk−2)
= Md;k − 1 + (jSj − d)Md;k−2:
But G is an almost Moore digraph and so jV (G)j =Md;k − 1; this together with the
preceding inequality and Lemma 1 gives jSj= d.
With the two lemmas in hand we are now in the position to prove that all almost
Moore digraphs are diregular.
Theorem 1. Let G be an almost Moore digraph of out-degree d>2 and diameter
k>2. Then the in-degree of each vertex of G is equal to d.
Proof. Assume the contrary and let an almost Moore digraph G for the pair d; k>2
contain a vertex of in-degree not equal to d. Then the set S of the vertices of G
whose in-degree is less than d is non-empty. By Lemma 2 we have jSj = d; let
S = fu1; u2; : : : ; udg. Applying the second part of Lemma 1 to u= u1 and realizing that
the out-degree of each vertex is d, we see that
S = N+(r(u1)) = fu1; u2; : : : ; udg: (3)
It follows that r(u1)2N−1 (u1). We know from Lemma 1 that the in-degree of u1 is
equal to d− 1; let N−(u1) = fz1; z2; : : : ; zd−1g where z1 = r(u1).
By the diameter assumption, each vertex of Snfu1g must appear in one of the sets
T−k−1(zj); 16j6d−1. First, we note that S\T−k−1(z1)=;. Indeed, if some vertex ui 2 S
were in T−k−1(z1) then, according to (3), we would have in G a directed cycle through
ui of length at most k. This would imply that r(ui) = ui which is impossible since,
by Lemma 1 applied to u= ui, we have ui 2N+(r(ui)). The pigeonhole principle now
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shows that there are two vertices ui1 ; ui2 2 S\T−k−1(zj) for some j such that 26j6d−1.
Since by (3) we also have ui1 ; ui2 2N+(r(u1)), we thus obtain two r(u1) ! zj walks
in G of length at most k and therefore the vertex zj is the repeat of r(u1).
But invoking Lemma 1 again, the set S is a subset of the out-neighbourhood of any
vertex which is a repeat; in particular, ui1 ; ui2 2N+(zj). This gives rise to two distinct
directed cycles of length at most k through the vertex zj. However, the existence of two
such cycles through a single vertex contradicts the facts listed in the short summary
immediately preceding the statement of Lemma 1.
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